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SURFACE AREAS OF EQUIFACETAL POLYTOPES

INSCRIBED IN THE UNIT SPHERE S
2

NICOLAS FREEMAN, STEVEN HOEHNER, JEFF LEDFORD, DAVID PACK
AND BRANDON WALTERS

Abstract. This article is concerned with the problem of placing seven or eight points on the
unit sphere S

2 in R
3 so that the surface area of the convex hull of the points is maximized.

In each case, the solution is given for convex hulls with congruent isosceles or congruent
equilateral triangular facets.

1. Introduction and main results

A classical problem in convex and discrete geometry asks:

Among all polytopes with K vertices chosen from the unit sphere S
2, which one

has the greatest surface area?

This question is interesting in its own right, but also in view of its applications, which include
geometric algorithms [1], crystallography [4] and quantum theory [11]. Despite its simplicity,
this question has turned out to be quite difficult to answer, and the complete solution has
been given only in a handful of cases. Naturally, in all of the known cases, the maximizers
exhibit the highest degree of symmetry possible. For example, among all convex polytopes
inscribed in S

2 with 4, 6 or 12 vertices, respectively, the maximum surface area polytope is
the regular tetrahedron, octahedron, or icosahedron, respectively.

In the table below, we list the known solutions of the surface area maximization problem
for K ≥ 4 points on the unit sphere S

2 = {(x, y, z) ∈ R
3 : x2 + y2 + z2 = 1}. For an integer

K ≥ 4, let IK denote the set of all convex polytopes with K distinct vertices chosen from
the unit sphere S

2, and let MK denote the corresponding subset of polytopes with congruent
isosceles or congruent equilateral triangular facets. Also, S(P ) denotes the surface area of
a polytope P ∈ IK . The second column lists the (global) surface area maximizers with K
vertices, and the third column gives the surface area of the maximizer.
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K argmaxP∈IK S(P ) maxP∈IK S(P ) Citation

4 regular tetrahedron 8/
√
3 ≈ 4.62 e.g., [5]

5 triangular bipyramid 3
√
15/2 ≈ 5.81 [4]

6 regular octahedron 4
√
3 ≈ 6.93 e.g., [5]

7 – – –
8 – – –
9 – – –
10 – – –
11 – – –

12 regular icosahedron 2
√
75− 2

√
15 ≈ 9.57 e.g., [5]

≥ 13 – – –

Note that the global surface area maximizer in each of the known cases (K = 4, 5, 6, 12) is
a member of MK . These maximizers are depicted in the figures below.

K = 4 K = 5 K = 6 K = 12

In our main results, we determine the surface area maximizers in M7 and M8.

Theorem 1.1. Let P ∈ M7. Then S(P ) ≤ 5
4

√

50− 6
√
5 = 7.560546 . . . with equality if

and only if P is a pentagonal bipyramid with two vertices at the poles ±e3 and the other five
forming an equilateral pentagon in the equator S

2 ∩ (span(e3))
⊥.

We conjecture that the pentagonal bipyramid stated in Theorem 1.1 is in fact the global
surface area maximizer in I7 (see also [10, Sec. 7]).

Conjecture 1.2. Let P ∈ I7. Then S(P ) ≤ 5
4

√

50− 6
√
5 = 7.560546 . . . with equality if

and only if P is a pentagonal bipyramid with two vertices at the poles ±e3 and the other five
forming an equilateral pentagon in the equator S

2 ∩ (span(e3))
⊥.

Regarding the eight vertex problem, we have the following

Theorem 1.3. Let P ∈ M8. Then S(P ) ≤ 8 with equality if and only if P has vertices at

±e3, (
√
8
3
, 0, 1

3
), (−

√
2
3
,
√
6
3
, 1
3
), (−

√
2
3
,−

√
6
3
, 1
3
), (

√
2
3
,
√
6
3
,−1

3
), (−

√
8
3
, 0,−1

3
) and (

√
2
3
,−

√
6
3
,−1

3
).

Corollary 1.4. The global surface area maximizer in I8 is not a member of M8.

Proof. The coordinates of eight points on the sphere were given in [10] which yields a polytope
in I8 with surface area approximately equal to 8.11978. By Theorem 1.3, this is larger than
the surface area of any polytope in M8. �
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o

e3

−e3

o

e3

−e3

Figure 1: The maximum surface area polytope in M7 is depicted on the left, and the maximum surface area

polytope in M8 is depicted on the right.

1.1. Comparison with the asymptotic best approximation. By Remark 2.1 in [2],

div2(4π)
2 ≤ lim

K→∞
K min

P∈IK
{4π − S(P )} ≤ del2(4π)

2

where div2 = 5/(18
√
3) and del2 = 1/(2

√
3) are the Dirichlet-Voronoi tiling number and

Delone triangulation number in R
3, respectively. See, for example, the works [7, 8, 9, 14] for

more background on these numbers, and asymptotic estimates for them as the dimension n
tends to infinity. Thus, up to an error of O(K−2),

(1) 4π

(

1− 2π√
3
K−1

)

. max
P∈IK

S(P ) . 4π

(

1− 10π

9
√
3
K−1

)

as K → ∞,

where aK . bK means the sequence (aK) is less than or asymptotically equal to (bK). Let
aK := 4π(1− 2π√

3
K−1) and bK := 4π(1− 10π

9
√
3
K−1). We compare the surface areas of the known

maximizers with these asymptotic estimates in the figure below.
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4π = lim

K→∞
max
P∈IK

S(P )

K

maxP∈IK
S(P )

maxP∈MK
S(P )

4π

bK
aK

Figure 2: The surface areas of the known maximizers lie between the asymptotic estimates given in (1).

2. Graph colorings of polytopes and geometric defects

Our main strategy will be to rule out possibilities by leveraging the interplay between
polytopes and colored graphs. For a given polytope P in R

3, let G(P ) = (V (P ), E(P ))
denote its graph, where V (P ) is the set of vertices of P and E(P ) is the set of edges of P . A
polytope P with congruent isosceles facets corresponds to a 2-coloring on G(P ). The following
geometric observation will be useful.

Lemma 2.1. Let K ≥ 5 be an integer and suppose that P ∈ MK is a polytope with corre-
sponding 2-colored graph G(P ). If a pair of vertices has three distinct identically colored length
two paths between them, then these vertices are antipodal.

Proof. Fix a pair of vertices v1, v2 ∈ V (P ) with the property described. Let the three iden-
tically colored 2-paths correspond to the vertices u1, u2, u3 ∈ V (P ), which lie in the plane H
(say). The sphere meets H in a circle which contains u1, u2 and u3. The line ℓ containing v1
and v2 is orthogonal to H . Let the point πℓ ∈ H be the orthogonal projection of ℓ into H .

For 1 ≤ j ≤ 3, we have dist(πℓ, uj) = h, where h is the shared height of the triangles
△[v1, uj, v2]. This forces πℓ to be the center of the circle containing u1, u2 and u3. Since ℓ is
orthogonal to H , the segment connecting v1 to v2 contains the origin, which means that these
vertices are antipodal. �

We can say more if the pair of vertices share an edge. In particular we can rule out potential
colorings with the following
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Corollary 2.2 (Defect A). Let K ≥ 5 be an integer and let P ∈ MK have a 2-colored graph
G(P ). Suppose that v1, v2 ∈ V (P ) satisfy the hypotheses of Lemma 2.1 and share an edge of a
given color. If v1 or v2 is contained in a different edge of the same color, then P is degenerate.

Proof. Since v1 and v2 are antipodal, their shared edge, colored red (say), has length 2.
Suppose that the other red edge is shared by v2 and v3. This forces v3 to be v1. �

Remark 2.3. Following the proof, if there is a “red” length two path connecting any three
vertices, then P /∈ MK.

The next property can be used to eliminate nearly all colorings which feature a degree 3
vertex.

Corollary 2.4 (Property L ; c.f. [4]). Let K ≥ 5 be an integer and suppose that P ∈ MK

has a 2-colored graph G(P ) and a degree three vertex v ∈ V (P ). If the edges incident to v are
not all the same color, then the coloring is degenerate.

Proof. Such a coloring forces a version of Defect A. Suppose that each isosceles facet is colored
with two blue edges and one red edge. Let a, b, c ∈ V (P ) be the vertices incident to v. We
can generate three blue paths of length 2 which connect two of the vertices that share an edge
with v (see the figure below; it will be the edge colored red).

a

b
d

c
v

This forces the aforementioned red edge to be a diameter, as in Defect A. The vertex v is the
apex of a tetrahedron whose base is also an isosceles triangle with two blue edges and one
red edge. Now attempting to color one of the facets that shares a blue edge with the base of
this tetrahedron yields a path of length two consisting of red edges. In the picture above, we
may try to color △[b, c, d] with a red edge between b and d, but this would force vertex a to
coincide with vertex d. Alternately, we may try to color the edge joining c and d red, which
would force the vertices v and d to coincide. Either way, P /∈ MK . �

Remark 2.5. As we shall see, Corollary 2.4 can be used to greatly reduce the amount of
plausible colorings, and allows us to use Property L from [4].

The next result deals with potential colorings of G(P ) in the setting of Lemma 2.1, but
now assumes further that each of the paths between the vertices has the same color.

Corollary 2.6 (Defect B). Let K ≥ 5 be an integer and let P ∈ MK have 2-colored graph
G(P ). If v1, v2 ∈ V (P ) satisfy the hypotheses of Lemma 2.1, and (at least) three of the paths
are one color and the remaining paths are the alternate color, then the corresponding edge
lengths are equal.
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Proof. Suppose that three paths are colored blue and correspond to vertices uj and the re-
maining paths (colored red) correspond to the vertices wk. Each of the triangles △[v1, uj, v2]
and △[v1, wj, v2] are isosceles. Hence the plane H contains both sets of points {uj} and {wk}
since it contains the midpoint of the segment joining v1 and v2. �

Remark 2.7. Defect B is useful in that it forces equilateral facets. By the well-known fact
that the angle defect around any vertex of a convex polytope must be positive, we can thus rule
out all polytopes which exhibit Defect B and contain a vertex of degree six or higher.

There is one more special case that deserves mention.

Corollary 2.8 (Defect C). Let K ≥ 5 be an integer and suppose that P ∈ MK is a polyhedron
with corresponding 2-colored graph G(P ). Suppose there is a vertex v ∈ V (P ) incident to 4
coplanar vertices, where the edges are colored in alternating fashion. Then these edge lengths
are the same.

Proof. The plane containing the four vertices intersects the unit ball in a disc D. Let the
point πv be the orthogonal projection of v into D. Then we have two pairs of congruent right
triangles in an alternating position. Consider the legs of these triangles, of length l1 and l2,
that lie in the disc emanating from πv. Now construct the disc D1 centered at πv of radius l1.
If πv is not the center of D, then one of the legs of length l2 is interior to D1, which shows
that l1 > l2. However, since the lengths are alternating, the other leg of length l2 passes out
of D1 which shows that l1 < l2. But this is impossible; hence we must have that πv is the
center of D, which means that l1 = l2. The result follows. �

Remark 2.9. Defect C can occur, for example, if (as in Defect B) a 2-colored graph has 4
one color paths: 2 red and two blue. The isosceles triangles provide that the four incident
vertices are coplanar; if the corresponding edge colors alternate, then Defect C is present.

3. Warm-up: The cases K = 4, 5, 6

To demonstrate the method of using Defects A, B and C to rule out combinatorial types, we
show how they can be used to determine the surface area maximizers in MK for K = 4, 5, 6.

3.1. K = 4. In this case, Property L forces the tetrahedron to be regular.

3

3

3

3

3.2. K = 5. Property L forces the surface area maximizer inM5 to be a triangular bipyramid
with an equilateral triangle connecting the degree 4 vertices, and the two degree 3 vertices
must be antipodal by Lemma 2.1.
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3

4

3

4

4

3.3. K = 6. The possible 2-colored graphs that arise in this case are depicted below. The one
with a degree 3 vertex is subject to Property L , which subsequently forces a = b. However,
this is impossible since it would force the two degree 5 vertices to be antipodal, which would
mean that all of the edges have length 2, a contradiction.

There are two plausible 2-colorings for the graph of an inscribed octahedron. The first,
labeled Class 2 (i), has a cycle of 4 red edges. By Lemma 2.1, this forces the configuration to
be that of a regular octahedron. (One could also use Defect C here to get antipodal points in
the red ring of vertices.)

The second 2-coloring, labeled Class 2 (ii), has two red paths of length 2. But then Lemma
2.1 forces a pair of antipodal points, which then forces a = b, which again leads to the regular
octahedron.

4

53

5

3 4

Class 1

4

44

4

4 4

Class 2 (i)

4

44

4

4 4

Class 2 (ii)

4. Proof of Theorem 1.1

A convex polytope in R
3 is simplicial if it has triangular facets. There are precisely 5

nonisomorphic combinatorial types of simplicial convex polytopes with 7 vertices (see, for
example, the article [3] by Britton and Dunitz). One of these classes is that of the pentagonal
bipyramid. Note that each polytope in any of the other four classes has a degree 3 vertex.
For the reader’s convenience, we include a diagram of the four simplicial classes of polytopes
that have 7 vertices and at least one degree 3 vertex. (These figures are recreations of the
corresponding ones in [3].) We then describe the conclusions in each class.

5

35

3

5 3

6

Class 1

6

34

4

4 3

6

Class 2

5

43

5

4 3

6

Class 3

5

5
4

4

4

5
3

Class 4

In each of these 4 classes, every plausible 2-coloring is ruled out by Defect A, save for a
single coloring in Class 2, shown below.
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6

34

4

4 3

6

Notice that the two degree 6 vertices are antipodal by Lemma 2.1. This makes the chain of
vertices connected with red edges an impossible configuration.

We have thus shown that the surface area maximizer in M7 must be combinatorially equiv-
alent to the pentagonal bipyramid. By [4, Cor. 2], the maximum surface area bipyramid has
two vertices at the north and south poles and five more forming an equilateral pentagon in

the equator. It has congruent isosceles facets and surface area 5
4

√

50− 6
√
5 ≈ 7.56. This

concludes the proof of Theorem 1.1. �

5. Proof of Theorem 1.3

5.1. Simplicial polytopes with eight vertices. Britton and Dunitz [3] provided graphs
of all 257 combinatorial types of polytopes with eight vertices. Fourteen of these classes are
simplicial. We recreate their graphs in the figure below.

6

36

3

6

3 6

3

Class 1

3

5

7

4

3

6

3

5

Class 2

6

3

6

4

3

6

3

5

Class 3

4

4

7

4

4

3

7

3

Class 4

4

4

7

3

6

4

3

5

Class 5

3

5

7

5

3

4

5

4

Class 6

6

3

5

4

6

3

5

4

Class 7

6

45

3

6

4 5

3

Class 8

3

6

3

5

5

4

5

5

Class 9

5

55

3

5

5 3

5

Class 10

6

4

5

4

3

6

4

4

Class 11

6

45

3

5

5 4

4

Class 12

6

44

4

4

6 4

4

Class 13

5

45

4

5

4 5

4

Class 14

We will show that most of the 14 simplicial classes do not admit an inscribable realization
which is equifacetal; for those that do, we compute their surface areas directly, and at the
end of the proof we select the largest value. We begin with the cases in which each facet is
isosceles, and at the end we consider the potential cases where each facet is equilateral.

5.2. The cases of isosceles facets.

5.2.1. Class 1. The triakis tetrahedron is a member of Class 1. It is constructed by gluing a
tetrahedron to each facet of a tetrahedron. It is not inscribable, meaning there is no combina-
torially equivalent polytope whose vertices all lie in the sphere (see, for example, [12]). Hence
the surface area maximizer cannot lie in Class 1.
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5.3. Class 8. Lemma 2.1 provides two sets of antipodal vertices, shaded green and yellow in
the figure below.

E

DC

B

A

H G

F

Class 8

The vertices A,D,E and H lie in the same great circle and form a rectangle, with |AE| = a
and |AH| = b. The triangles △(ABE),△(AEF ),△(CDH) and △(DGH) are congruent
isosceles triangles with |BC| = |FG| = b. Thus it must be that the vertices A,B,E and F
coplanar, and the vertices C,D,G and H must be coplanar as well, which is impossible.

5.4. Class 10. None of the coloring defects are present in the coloring below.

E

DC

B

A

H G

F

Class 10

Let b = |AB| and a = |AE|. Without loss of generality, we may assume that B = e3
and that the plane containing the equilateral triangle △(ACE) is given by z = h, where

h ∈ (−1, 1). This allows us to calculate a =
√

3(1− h2) and b =
√

2(1− h). Since the
triangles △(ACH),△(CDE) and △(AFE) are isosceles, the plane containing △(DFH) is
parallel to the plane containing △(ACE). Since △(ACE) and △(DFH) are congruent, the
plane containing △(DFH) is given by z = −h and G = −e3. Furthermore, the congruency
of the triangles in between forces the two equilateral triangles to be separated by distance
π/3. This allows us to calculate b = |DE| =

√
1 + 3h2. Setting this equal to the previous

expression yields 2(1 − h) = 1 + 3h2, which has one feasible solution h = 1/3. Now we can
calculate the surface area of this configuration:

6a
√

b2 − a2/4 = 8.

5.5. Class 12. Lemma 2.1 provides a pair of antipodal points shaded green in the figure
below.

E

DC

B

A

H G

F

Class 12
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The segment HE is orthogonal to the plane containing the points A,C and G. Letting
|AE| = a and |AH| = b, we have a2 + b2 = 4. Without loss of generality, we may assume
that B = e3 and that the plane containing the points A,C and E is given by z = h, where
h ∈ (−1, 1). This allows us to write b =

√

2(1− h) and a =
√

3(1− h2). Hence we have

0 = 3(1− h2) + 2(1− h)− 4 = −3h2 − 2h + 1 = (1 + h)(1− 3h),

whose only feasible solution is h = 1/3, yielding a =
√

8/3 and b =
√

4/3. However, this
solution is extraneous. To see this, note that the plane containing D,F, and H is parallel to
the plane containing A,C and E. This forces △(DFH) to be equilateral, so that |DF | = a.
Since G is equidistant from D,F and H , it sits at the apex of the cap cut off by the plane
containing these points (which has equation z = −1/3). Hence, BG is a diameter and |EG| =
|AG| = |CG| = a. Similarly, we obtain |BD| = |BF | = |BH| = a. The vertices B,E,G and
H lie on the same great circle and form a rectangle, with C and D lying in one hemisphere
and A and F in the other. Since the triangles △(EFG),△(DEG),△(ABH) and △(BCH)
are congruent, AC crosses the BEGH plane, and b = |AF | = |CD|, we cannot simultaneously
preserve the convexity on the D,E, F,G side and on the A,B,C,H side.

5.6. Class 13. A member of this class is a hexagonal bipyramid, which is the convex hull of
a hexagon and two apexes on opposite sides, so that the segment joining the apexes intersects
the relative interior of the hexagon. The surface area of an inscribed hexagonal bipyramid P
satisfies the bound

S(P ) ≤ 12

√

1 + cos2
π

6
sin

π

6
= 3

√
7 = 7.93725 . . .

with equality if and only if P is the convex hull of a regular hexagon in the equator and the
north and south poles (see [4, Cor. 2]).

5.7. Class 14. The majority of colorings are ruled out by Defect B, leaving only 3 plausible
colorings (shown below) which do not exhibit any of the coloring defects described.

E

DC

B

A

H G

F

Class 14 (i)

E

DC

B

A

H G

F

Class 14 (ii)

E

DC

B

A

H G

F

Class 14 (iii)

5.7.1. Class 14 (i). Lemma 2.1 provides two pairs of antipodal vertices, shaded green and
yellow, with diameters AC and EG. This tells us the blue length, b =

√
2. The points A,C,D

and F are coplanar because they are equidistant from the point E. Moreover, E sits at the
apex of the cap cut off by this plane. The coloring forces congruent central angles between
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the pairs of vertices A and F , F and D, and D and C. Since AC is a diameter, the shared
angle is π/3, which means that a = 1. Thus, the surface area of this configuration equals

12

√
7

4
= 3

√
7 ≈ 7.94.

5.7.2. Class 14 (ii). The vertex B sits at the apex of the cap cut off by the plane containing
vertices A,E and H , since these are equidistant from B. Notice that |AH| = |AE| = a and
|CE| = |CH| = b. This forces the vertices A,B and C to lie in the same great circle. Consider
the sphere centered at C with radius a. It intersects the unit sphere in a circle which contains
both B and G. Similarly, the sphere of radius b centered at A intersects the unit sphere in a
circle containing B and G. Since A,B and C lie on the same great circle, the only way for
this to be true is if AC is a diameter. Similarly, EG is a diameter. This provides 4 = a2 + b2,
as well as a = |AD| = |CF | = |EH| = |BG|. The only way that this is possible is for the
two sets of vertices A,D,E and H to be coplanar, as well as the vertices B,C, F and G.
This forces the polytope to be a parallelepiped, with two rhomboid facets and 4 rectangular
facets. Of course such a configuration is impossible since some of the edges are contained in
the relative interiors of some of the facets.

5.7.3. Class 14 (iii). Let the vertices be labeled as follows, where the red edges have length a
and the blue edges have length b:

p1

p2p3

p4

p8

p7 p6

p5

The edge [p2, p3] is a diameter of a circle C of radius a/2; without loss of generality, [p2, p3]
is parallel to e2 and h = dist(o, [p2, p3]). Thus C has radius R(h) =

√
1− h2, so a(h) = 2R(h),

and C = C(h) = S
2 ∩

(

e⊥3 + he3
)

. Notice that p5, p6, p7 and p8 lie on the same great circle
and hence are coplanar. This plane is orthogonal to [p2, p3] and intersects its midpoint.
Hence [p6, p7] lies in −C(h) and is parallel to e1 (so the red edges [p2, p3] and [p6, p7] have
orthogonal directions). Thus, p2 = (0, R(h), h), p3 = (0,−R(h), h), p6 = (R(h), 0,−h) and
p7 = (−R(h), 0,−h). Since dist(p1, p2) = dist(p1, p6), setting p1 = (0, y1, z1) (where z1 < 0),
we have

(y1 − R(h))2 + (z1 − h)2 = R(h)2 + y21 + (z1 + h)2.

This implies y1 = − 2h
R(h)

z1. Substituting this into y
2
1+z21 = 1, we obtain z21 = 1−h2

1+3h2 . Hence z1 =

−
√

1−h2

1+3h2 since z1 < 0. This yields y1 =
2h√
1+3h2

, so p1 =
(

0, 2h√
1+3h2

,−
√

1−h2

1+3h2

)

. Setting p5 =

(x1, 0, z2) with z2 > 0, the equation dist(p3, p5) = dist(p5, p6) yields p5 =
(

2h√
1+3h2

, 0,
√

1−h2

1+3h2

)

.

Now a(h)2 = dist(p1, p5)
2, so 4R(h)2 = dist(p1, p5)

2, which is equivalent to 1 − h2 = h2+1
1+3h2 .
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The solutions to this equation are h = 0 and h = ±1/
√
3; by construction, only h∗ = 1/

√
3 is

possible. Therefore, the equation b(h∗)2 = dist(p1(h
∗), p2(h

∗))2 yields b(h∗) = 1 and a(h∗) =
2R(h∗) = 2

√
2/
√
3. Thus, by the congruent facets assumption, the area of each facet equals

A(h∗) =
1

2
a(h∗)

√

b(h∗)2 − a(h∗)2

4
=

√
2

3
,

so the total surface area equals 12A(h∗) = 4
√
2 ≈ 5.657.

5.8. The cases of equilateral facets. There are eight convex deltahedra, which are poly-
topes with congruent equilateral facets [6]. The only one with 8 vertices is the dodecadeltahe-
dron (also called a snub disphenoid), which is a member of Class 14 [6]. We show that it is not
inscribable. Let q = 0.169 . . . denote the positive real root of 2x3 + 11x2 + 4x− 1. The coor-
dinates of a dodecadeltahedron with centroid at the origin are given by (±t, r, 0), (0,−r,±t),

(±1, s, 0) and (0, s,±1) where r =
√
q, s =

√

1−q

2q
and t =

√
2− 2q (see [13, p. 427]). With the

centroid fixed, these points are unique up to rotations and dilations. The points (±t, r, 0) and
(0,−r,±t) have distance

√
r2 + t2 from the origin, while the points (±1, s, 0) and (0, s,±1)

have distance
√
1 + s2 from the origin. Since r2 + t2 6= 1 + s2, we conclude that these points

cannot all be scaled by the same factor to lie on the unit sphere. This property is invariant
under translations, so if a dodecadeltahedron has centroid not at the origin, we can apply
rigid motions so that it has the above coordinates. Thus, Class 14 does not admit a member
inscribed in S

2 with congruent equilateral facets. �

5.9. Conclusion of the proof of Theorem 1.3. Comparing the results above for the 14
combinatorial classes, we see that the maximum surface area polytope in M8 is the member
of Class 10 whose surface area equals 8. This completes the proof of Theorem 1.3. �

6. Further remarks

There are 50 nonisomorphic combinatorial classes of simplicial convex polytopes with 9
vertices. The methods used in this article can be used to greatly reduce the number of
possible colorings to just a handful of cases. Each of those cases would then need to be
analyzed individually using geometric methods to determine the surface area maximizer in
M9. Of course, the same general method will work for finding the surface area maximizer in
MK for any K.
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